
Abstract: Mass matrix diagonalization in terms of a finite element method (FEM) is essential for an effec-
tive deployment of the explicit method as one of the direct integration methods of the motion equations of
elastodynamics. A particular attention is focused on the mass matrix diagonalization of the semi-loof shell
element. Its diagonalization requires a specially designed universal diagonalization scheme that is derived
from the scaling HRZ method. Another analyzed aspect is the problem of preserving the moment of inertia
for various types of finite elements. The proposed scheme is implemented in the finite element program and
consequently tested on several problems.
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1. Introduction

The purpose of this paper is a study of mass matrix diagonalization in terms of a finite element method
(FEM). It is essential for an effective deployment of the explicit method as one of the direct integration
methods of the motion equations of elastodynamics  (Hughes 1987). Explicit methods are ideal for
investigating very short and fast processes, for example wave propagation and nonlinear problems. If a
lumped mass matrix is used, the motion equation falls apart into separately solvable equations, thence
no matrix equation solver is needed and the cost per time step is small. Lumping is not a unique process.
There are several algorithms which generally produce different results with various properties. In the
past, these processes were based on purely physical concepts. Nowadays, there are three different main
approaches. Among the most important characteristics of the methods belong positive definiteness of
the mass matrix, the preservation of the element mass, the position of a gravity center, inertia and the
necessity to compose a consistent mass matrix. All these conditions cannot be met in general. In the
dynamics application, it was observed that any lumping process that preserves the element mass will
lead to convergence ( Cook et al. 2002).

The diagonalization is performed as universal for various types of finite elements containing rotation
and translation degrees of freedom. A particular attention is focused on the mass matrix diagonalization
of the semi-loof shell element (Sháněl 2011). This element has been widely used for elastic analysis
and later extended for material and geometric nonlinearities. The element is available in the 8-node
quadrilateral and 6-node triangle form which significantly aids the meshing process. Its diagonalization
requires a specially designed universal diagonalization scheme that is derived from the scaling HRZ
method (Hinton et al. 1976). This scheme has a plenty of advantages compared to other lumping
techniques. Mainly, the HRZ scheme is able to diagonalize mass matrices of the elements which include
rotational as well as translational DOFs. A modification of the original procedure which ensures proper
rotational DOFs scaling is discussed. Another advantage of this scheme is that an assemblage of the
whole consistent matrix is not necessary - only diagonal terms are required and the implementation is
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Fig. 1: The mass lumping process

performed on an element level. Another analyzed aspect is the problem of preserving the moment of
inertia for various types of finite elements.

2. Conclusions

The standard HRZ method implementation involves a scaling of the rotational degrees of freedom in
the same way which applies to the translational degrees of freedom, and it has no physical basis, thus
it does not provide any solution for semi-loof shell elements in this form. This was the reason why
the interest shifted entirely on the problem of a mass matrix diagonalization with rotational degrees of
freedom in which we determined the influence of the rotational degrees of freedom on the total moment
of inertia of the semi-loof element. The numerical test proved that the influence of the rotational degrees
of freedom was negligible. And hence the implemented algorithm was designed to leave the original
values belonging to the rotational degrees of freedom on the diagonal without any changes whatsoever.
The proposed scheme is implemented in the finite element program PMD and consequently tested on
several problems. The basic verification tests also include computations of natural frequencies of a truss,
a beam and an industrial apparatus. This algorithm is further examined on the problem of a head-on
impact of two thick plates to provide data about the accuracy of the numeric solution as applied to the
elastic wave propagation.
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