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Abstract: The integral concepts for calculation of the generalized stress intensity factor
and elastic T stress are presented. Both the integrals are based on a validity of the Betti re-
ciprocal theorem. The unique analytical expression of the complementary problem is derived
using the Muskhelisvili complex potentials, whereas components of the stress and displace-
ment field are obtained numerically using the Boundary Element Method. The generalized
stress intensity factor concept as well as the contour integral for calculation of the elas-
tic T stress are used on single edge notched tension (SENT) specimen to show a validity of
the discussed approach. This article yields a comprehensive study of the integral approach
for calculation of fracture-mechanics parameters in case when the integration is carried out
across the material interface.
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1 Introduction

The classical linear-elastic fracture mechanics of cracks assumes that the stress singularity
at a crack tip equals to 0.5. The stability of a crack inside the body is then assessed us-
ing various fracture-mechanics parameters likeJ integral, stress intensity factor (SIF)K,
crack opening displacement (COD), etc. The crack instability occurs when the magnitude
of the chosen parameter reaches its critical value that is assumed to be a material charac-
teristic independent on geometry, loading and boundary conditions. The crack stability is
recently assessed using thefracture toughness locus.

During the past decades, a significant effort has been devoted to the numerical compu-
tation of fracture-mechanics parameters. The stress and displacement distribution around
the notch tip is generally known as the limit analytical solution. It was shown that for a
notch in homogeneous body the stress singularity weakens with increasing notch angle.
While for opening mode I the stress singularity exponent continuously decreases from
initial value 0.5 for cracks to zero value for smooth edge without defects, the shear mode
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demonstrates a nonsingular behavior for notch angles up to approximately 53◦ only. From
this analysis, the so-calledgeneralized stress intensity factor(GSIF) was developed as a
counterpart to the classical SIF that is defined only for sharp cracks. It was also shown
that the elastic T stress contributes to solution of the given problem only in special cases
– for cracks in homogeneous elastic body and for notches and wedges terminating at a
bi-material interface [16] – whereas for other configurations the terms with T stress van-
ish. The easiest way to compute the GSIF is to extrapolate the hoop stressesσθθ at the
crack ligament. Although this method is straightforward, it is sometimes difficult to apply
such this extrapolation technique on cracks in the vicinity of nonhomogeneous joints and
bi-material interfaces, where the significant stress gradient could undermine the extrapo-
lation process as a whole.

This paper presents a powerful integral approach for calculation of GSIF at sharp
notches under external loading for pure opening mode I. The method shown here is based
on a validity of Betti reciprocal theorem resulting in contour integral, which allows us to
separate the GSIF for every mode of loading without the coupling problems known from
computation ofKJ stress intensity factors using the elastic part ofJ integral.

The material interface connecting two elastic regions is chosen to show the efficiency
and powerfulness of the integral method outlined above. The interface between material 1
and 2 is assumed to be perfectly bonded (e.g. welded), so that the displacements and trac-
tion forces are continuous across the interface. The boundary conditions are applied only
at boundary nodes; the unknowns at the boundary and inside domains are subsequently
obtained using the subdomain Boundary Element Method. The GSIFs for sharp cracks
are quantitatively compared with the previous results. Also the variation of T stresses for
different crack lengths is discussed in detail.

2 Distribution of stresses and displacements around the V-notches
close to material interface

The classical fracture mechanics concepts are based on an assumption that the crack faces
are parallel, traction free and the crack tip lies in an homogeneous region. In general case,
the stress singularity is of type 1/r1−λ, whereλ is eigenvalue of the given problem, and
1−λ is calledthe stress singularity exponent. For a crack embedded in an elastic region,
the exponent fits the value 0.5.

The equilibrium equation of every elastic body without the presence of body forces
is governed by biharmonic partial differential equation∆∆Φ = 0, in which∆ is Laplace’s
symbol andΦ is an arbitrary function satisfying the given equation and the prescribed
boundary conditions. One of the useful functionsΦ can be written as follows:

Φ =
∞

∑
k=1

Akr
λk+1 fk(λk,θ) . (1)

Herer andθ are polar coordinates,fk(θ) is the angular function,Ak is a constant term of
the above expansion, andλk is eigenvalue of the given problem that is, for traction free
notch faces, dependent only on the notch angle. The only first term of expansion (1) is
taken into account to development of ordinary differential equation for angular functions
and consequent assessment of its characteristic equation.

The Williams eigenfunction expansion can subsequently be expressed as

σi j =
HI√
2π

rλI−1 f I
i j (λI,θ)+

HII√
2π

rλII−1 f II
i j (λII ,θ)+Tδ1iδ1 j + . . . (2)



in which HI andHII are the stress intensity factors for opening and shear mode, respec-
tively. The terms withλ < 1 are called assingular, the term withλ = 1 is independent
on the radial distance and the remainders arenonsingularterms. The singular terms with
λ = 0.5 correspond to the so-calledstress intensity factorthat needs to be calculated from
numerical analysis of the entire body with prescribed boundary conditions.

The numerical example in this paper will show the difference in computed values
of SIF assuming that there is no influence of interface on the calculation, so that the
analytical expression for homogeneous body is used.

3 Formulation of contour integrals

3.1 Calculation of the Generalized Stress Intensity Factor

For calculation of the generalized stress intensity factorsHI and HII (see Eq. (2)), the
conservation integrals based on validity of the Betti reciprocal theorem are used here. The
integral concept follows from pioneering work by Sternet al.[15] and later generalization
to notches developed by Sinclair, Okajima and Griffin [12].

Let we have a closed contourΣ consisting of four seg-
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Fig. 1: Segments of the integration
path for calculation of the fracture-
mechanics parameters of a V-notch

mentsΓ1,Γ2,Γ3,Γ4 as shown in Fig. 1. The integral for-
mulation based on the mentioned theorem of work reci-
procity [12] is then defined as

Hk =
∫

Σ
(σi j u

∗
ik−σ∗i jkui)n j ds , (3)

wherek denotes the mode of loading (I or II), non-starred
components are obtained using the numerical analysis for
eigenvalueλk and the starred symbols are obtained from
analytical solution of the actual problem for eigenvalue
λ∗k =−λk. Since we carry out the integration (3) in polar

coordinates, i.e. the indexesi, j correspond tor,θ, the only two circular contours con-
tribute to the computation ofHk. Moreover, if we integrate along the short pathΓ4 in
limit case whenε → 0, the identity (3) can be written out in the following form∫

Γ2

(σi j u
∗
ik−σ∗i jkui)n j ds=

∫
Γ4

(σi j u
∗
ik−σ∗i jkui)n j ds . (4)

Substituting all stresses and displacements, the right-hand side of Eq. (4) transforms
to the right-hand side of equation∫

Γ2

(σi j u
∗
ik−σ∗i jkui)n j ds≡MkHkH

∗
k , (5)

where the termMk can be evaluated only using the angular functions as:

Mk =
∫

Γ4

[
fi jk(λk,θ)g∗ik(λ

∗
k,θ)− f ∗i jk(λ∗k,θ)gik(λk,θ)

]
n j dθ . (6)

Although, the complementary GSIFH∗
k can be chosen arbitrarily, it is advantageous

to use such relationH∗
k = 1/Mk. Substituting this equation into (5), the identity for calcu-

lation of GSIFs is obtained:

Hk =
∫

Γ2

(σi j u
∗
ik−σ∗i jkui)n j ds . (7)



Note that, when the contourΓ2 has a constant radial distance from the notch tip, the
integration is carried out only along the radial direction – forj ≡ r, because~n= (nr ,nθ) =
(1,0).

3.2 Calculation of elastic T-stress for sharp cracks (2β = 0)

Now let we have two independent states of equilibrium denotedA andB as proposed by
Sládeket al.[14]. SuperscriptA will correspond to the given problem with unknown value
of T stress, whereasB will address the components referring to a complementary solution
satisfying the same boundary conditions as problemA and loaded by a point force parallel
with crack faces. Using the superposition principle between these two independent states
of equilibrium, the following M integral can be used for subsequent calculation of the T
stress:

M =
∫

Γ2

(
σA

i j ε
B
i j n1−σA

i j n ju
B
i,1−σB

i j n ju
A
i,1

)
dΓ , (8)

where the components denoted by superscriptA are obtained from numerical analysis of
the given problem and superscriptB refers to the analytical solution of the complementary
problem (A11), (A13). Heren j denotes thejth component of the unit outward normal of
integration pathΓ2.

Apparently, this integral is nonsingular and therefore its quantification is possible only
using classical Gauss quadrature. Moreover this concept is symmetric, so that the inte-
gration is required only on one part of the model. The total magnitude of M integral is
then obtained considering the given symmetry. For plane strain case, the elastic T stress
can be quantified from the known value of M integral (8):

M = 2T

{
1−ν2

1

E1

c2

c1
A1(2θ12−2π+sin2θ12)−

1−ν2
2

E2
A2(2θ12+sin2θ12)

}
. (9)

The comprehensive derivation of analytical solution of the complementary field is carried
out in Appendix.

Note that in homogeneous case, the identitiesE1 = E2 = E, ν1 = ν2 = ν are enforced,
so thatc1 = c2 = 1, A1 = A2 =− f/(4π) and the relation between M integral and T stress
fits the form

M = T f
1−ν2

E
, (10)

where f is the arbitrary point force acting at the crack tip. The equation (10) is generally
known from previous work [13].

The most essential features of Betti reciprocal theorem

The reciprocal theorem is unaffected by any variation in material characteristics. There-
fore also the integration across the material interface is possible. The integral method
presented above is useful for calculation of a coefficient corresponding to arbitrary eigen-
function in Williams expansion. As proved by Carpenter [3] or Qian [10], the calcula-
tion process is insensitive to eigenvalues of the different order. It was concluded, that
there is no ”coupling” in analytical expression of the complementary field. This method
is therefore a very efficient tool for calculation of any coefficient corresponding to any
eigenfunction.



4 Numerical examples

The SENT specimen was used for numerical calcula-
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Fig. 2: Model of the interface be-
tween two dissimilar materials (unit
thickness of the sheet considered)

tion of the fracture-mechanics parameters of notches and
cracks. Geometry of the test example is defined by con-
stant lengthL = 250 mm and fixed widthsW1 = 12 mm,
W2 = 38 mm. The external loadingσappl = 100 MPa
is applied onto the upper face of the model, so that the
notch is exposed to pure opening mode I. The analysis
was performed under the plane strain condition for vari-
ous notch depths (crack lengths)a. The model geometry
and boundary conditions are shown in Fig. 2. The stress
and displacement fields were obtained using the subdo-
main Boundary element method.

To test the integral approach for arbitrary notch angle
2β, the analyses on a single edge notched tension speci-
men with various notch depthsa were carried out. Distri-
bution of the generalized stress intensity factors in terms
of a normalized by width of the specimenW = W1 +W2

for a couple of important notch angles is shown in Fig. 3.
The problem was solved for homogeneous case, where

E1 = E2 = 2.105 MPa. It is clear, that the GSIF increases with increasing notch depth.
For a constant notch depth, the GSIF increases with increasing notch angle. Note that ev-
ery quantity in Fig. 3 is dimensionally incompatible with each other, and also the critical
values vary for different notch angles 2β.

Subsequently, calculation the fracture-
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Fig. 3: Variation of GSIF with respect to notch deptha
for various notch angles 2β (E1 = E2 = 2.105 MPa)

mechanics parameters for a crack of var-
ious lengtha was carried out. A crack
with the tip in front of the interface (in-
side domain 1), as well as behind the
interface (inside domain 2) was mod-
elled. Note that whenδ < 0, the notch
tip lies inside domain 1 (in front of the
interface), while forδ > 0 the crack had
passed through the interface and the crack
tip lies inside domain 2.

The contour integral concept outlined
in Chapter 3 was used to quantify the
fracture-mechanics parameters. The in-
tegration path centered at the notch tip
was formed by 32 integration points with
the trapezoidal integration formula be-
ing used for numerical integration.

One of the most advantages of the
integral approach over other direct methods is that the same integral identity is used for
computation of SIF for sharp cracks and GSIF for notches with arbitrary open angle.
A variation of SIF for a crack in front of the interface and behind the interface was calcu-
lated. The obtained results show Fig. 4.

It was shown that our recent results are in a good agreement with Menč́ık [9] and



Atkinson [2] in case when the crack tip is far away from the material interface. In this case,
the stress distribution is weakly influenced by the stress gradient along the interface. As
the crack propagates within the body toward the interface, the distance|δ| decreases and
the interface plays an essential role in stress redistribution in the vicinity of the crack tip.
In this case, however, a significant growth of plastic region could arise, so that the elastic-
plastic description of the crack behavior should be assumed. Note that the results forHI in
Fig. 4 were obtained for homogeneous analytical expression of the complementary field
(starred symbols in (7). The analytical expression for a crack with the tip removed byδ
from the interface has not been used here.
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Fig. 4: Influence of ratioE1/E2 on the SIF and T stress for sharp cracks. The contour integrals (7) and (9)
are used to estimation of the unknown values ofKI andT.

Providing that the crack lies in a homogeneous region or in special cases when the
crack tip terminates at the material interface [16], the integral approach for T stress com-
putation can be used. We used this approach to quantify the magnitude of constraint
induced by sharp crack tip. For this purpose, the relation between M integral and elastic
T stress was derived in Appendix. Also the stress and displacement distribution of the
complementary problem transformed into the Cartesian coordinate system was obtained.
The computed values of T stresses are presented in Fig. 4.

5 Conclusion

The integral approach for calculation of the generalized stress intensity factor (GSIF) as a
counterpart to the commonly used stress intensity factor was presented in Chapter 3. This
so-called conservation integrals require the analytical knowledge of the complementary
problem, that satisfies the same boundary conditions as the problem being solved. Foras-
much as both the positive and the negative eigenvalue of the same absolute magnitude
satisfy the solution of the biharmonic problem∆∆Φ = 0, the complementary field can
be easily obtained from the generally known distribution of stresses and displacements
around the notch tip, where the eigenvalue is opposite in sign to the given problem. On
the other hand, such this derivation becomes extremely difficult when the crack lies close
to material interface.

The similar approach was used to estimate the constraint quantified by T stress. In this
case, however, the analytical equation of a crack loaded by a point force is required. The



necessary stress and displacement distribution together with the derivatives and relation
between M integral and elastic T stress was acquired. This process was based on previous
work [14], where the behavior of interface cracks between two dissimilar materials was
analyzed.

In comparison to the generally known difference methods of calculation the GSIF and
T stress based on extrapolation technique, the use of integral approach seems promising
in such cases where the hoop stress gradient undermines accuracy of the solution. Par-
ticularly the fracture-mechanics parameters near joints of two dissimilar materials should
not be computed using the direct methods, where the influence of the higher order terms
of Williams eigenfunction expansion could be essential.

Moreover, the contour integral concept is based on an integration of stresses and dis-
placements far away from the notch tip, where conditions of linear elasticity are satisfied.
For a warranted application of such technique on strongly non-homogeneous specimens,
an analytical expression of the stress and displacement field should be derived in the fu-
ture.
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A Appendix
The integral approach for calculation of elastic T stress requires an analytical solution of the complementary
problem – a model with identical geometry as the actual problem, but loaded by a point forcef parallel
with crack faces. Since use the Muskhelisvili complex potentials, the following relations must be satisfied:

σrr +σθθ = 4Re{ψ′(z)} (A1)

σθθ−σrr +2iσrθ = 2e2iθ[zψ′′(z)+χ′′(z)] (A2)

2µ(ur − iuθ) = eiθ[κψ(z)−zψ′(z)−χ′(z)] (A3)

where the overline denotes the complex conjugate,z= reiθ, and prime (’) is the derivatived/dz. Let we use
indexa for the components related toa-th domain with generally different material properties. Thus we can
write the complex potentialsψ andχ as

ψa = Aa lnz= Aa(ln r + iθ) (A4)

χa = Bazlnz= Bareiθ(ln r + iθ) ,

whereAa andBa are the unknown coefficients. Substituting (A4) into Eq. (A1) and (A2), the two following
relations define the stress distribution around a crack tip:

σ(a)
rr +σ(a)

θθ =
4Aa

r
cosθ , σ(a)

θθ =
Aa +Ba

r
cosθ , σ(a)

rθ =
Aa +Ba

r
sinθ (A5)

Providing that the crack faces are free of tractions, i.e. the crack faces are subjected only to radial
stressesσrr , the conditionsσrθ(±π) = σθθ(±π) = 0 have to be satisfied. From this requirement, also
relationAa = −Ba must be satisfied for both elastic domainsa. Now we substitute the obtained relation
betweenAa andBa into complex potentials (A4) and subsequently into the following equation:

2µa(u
(a)
r − iu(a)

θ ) = eiθ[κaψa(z)−zψ′
a(z)−χ′a(z)] , or : (A6)

2µa(u
(a)
r − iu(a)

θ ) = Aa[(κalnz+ lnz)eiθ +2i sinθ]

Now consider the continuous displacements across the interface, so that the real and imaginary parts
of relation (A7) must equal. Note thatθ12 is the angle dependent onδ – the shortest distance between the



crack tip and interface, andR12 is the distance between the crack tip and the point on integration path that
intersects the interface – see Fig. 5. The unique relation between coefficientsA1 andA2 is then obtained as

A2 =
c1

c2
A1 , (A7)

where the coefficientsca depend on material properties of theath domain, angleθ12, and can be computed
as follows:

ca =
1
µa

[(κa +1) ln r12cosθ12+(κa−1)θ12sinθ12] (A8)

The unknown value of coefficientA1 can be obtained using the

domain #1

q12
crack

x1

x2

interface

d

integration
pathR12

domain
#2

Fig. 5: Properties of interface angle
θ12 = arccos(δ/r12)

approach used in [14] as follows:∫ −θ12

−π
σ(1)

rr eiθrdθ+
∫ θ12

−θ12

σ(2)
rr eiθrdθ+

∫ π

θ12

σ(1)
rr eiθrdθ =− f ,

(A9)
wheref is a point force applied at the crack tip parallel with the crack
flanks. After carrying out the integration in (A9), the coefficientA1

is obtained in the form

Aa =−C(a) f
4

c1

c1(θ12+ 1
2 sin2θ12)+c2(π−θ12− 1

2 sin2θ12)
,

(A10)
whereC(1) = c2/c1 andC(2) = 1. Transforming the stresses in Eq. (A5) and displacements obtained using
(A7) into Cartesian coordinates, the following set of equations define the stress field:

σ(a)
11 =

4Aa

r
cos3 θ , σ(a)

12 =
4Aa

r
sinθcos2 θ , σ(a)

22 =
4Aa

r
sin2 θcosθ (A11)

and displacements:

u(a)
1 = Aa

1+νa

Ea

[
(κa +1) ln r +2sin2 θ

]
u(a)

2 = Aa
1+νa

Ea
[(κa−1)θ−sin2θ] (A12)

around the crack tip in the vicinity of the material interface. Diferentiating the Cartesian displacements
(A12) with respect to the horizontal coordinate, the following two derivatives are obtained:

u(a)
1,1 = Aa

1+νa

Ea

1
r

[
κa +1−4sin2 θ

]
cosθ

u(a)
2,1 = −Aa

1+νa

Ea

1
r

[κa−1−2cos2θ]sinθ (A13)

One can easily prove that the integration along the parallel crack faces does not contribute to the overall
value of M integral. It means, that the only two contour integrals, one of them faw away from the crack
tip and the second very close to the tip are considered. The former integration is carried out numerically,
whereas the latter yields the right-hand side of the M integral

M(A,B) = 2T

{
1−ν2

1

E1

c2

c1
A1(2θ12−2π+sin2θ12)−

1−ν2
2

E2
A2(2θ12+sin2θ12)

}
(A14)

Note that (A14) is useful only for plane strain case. Nevertheless the identical approach can be used also to
derive the final relation between M integral and T stress for plane stress case.
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