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Summary: This paper is concerned with the modelling of a microstretch elas-
tic solids. In contrast to the classical theory of continuum, the points of the mi-
crostretch material can also rotate and deform independently of their translations.
The microstructure is thus characterized by the additional degrees of freedom. The
analytical solution for the problem of extension for a homogeneous and isotropic
microstretch cylinder is known. It is compared to the results of numerical simula-
tions using finite element method.

1. Introduction

Standard continuum mechanics studies the problems in which the microstructure is homog-
enized by phenomenological averages. Functions that characterize continuum variables and
quantities are assumed to be smooth a continuous in space and time. Distributions of stresses,
strains and other quantities and the material itself within an infinitesimal material neighbour-
hood of a typical particle (or material element) are regarded as essentially uniform. However,
the microscale, often very complicated, is not uniform in general. Framework of the standard
continuum mechanics does not respect in principle the inner material structure. Classical elas-
ticity becomes inaccurate when the length scales of structure constituents become comparable
to some intrinsic characteristic length scale of the material. Various approaches are studied
to cope this problem, e.g. homogenization, higher grade theories and higher order theories.
Microcontinuum theory belongs among the last mentioned.

The general idea of the microcontinual approach is based on the introduction of some ad-
ditional fields (degrees of freedom) that characterize the behaviour of the microstructure. One
particular case is the micromorphic model introduced and studied e.g. in Capriz [1989]; Erin-
gen [1999]. In the case of micromorphic continuum, each point of the continuum can translate,
rotate and deform. In Eringen [1999], each point is associated with a triple of vectors, the so-
called directors, that can rotate and deform; they characterize the intrinsic deformation of the
microstructure. In Capriz [1989], an order parameters’ manifold is associated with the body.
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This manifold is a space of second order tensors with positive determinant in the case of mi-
cromorphic continuum. Both approaches are formally identical. Microstretch continuum is
a subset of the micromorphic one, where the points can rotate and deform uniformly (contract
and/or stretch) without microshear. Porous and granular materials and biological tissues may be
descibed with this model. The points of micropolar continuum can rotate without deformation.
It is a convenient description for polar materials such as liquid crystals.

This paper deals with the modelling of the microstretch lineraly elastic cylinder. The authors
of this paper provide the variational, weak and numerical formulation and the discretization
of the problem of linearly elastic microstretch solid in three dimensions, as well as the finite
element package solving this problem. The aim of this article is to compare the results from
the numerical simulations with the known analytical solution. The analytical solution for the
problems of extension and bending for a homogeneous and isotropic microstretch cylinder is
shown in Ieşan and Nappa [1995] and for the torsion and flexure in De Cicco and Nappa [1997].

Section 2. presents the basic equations that characterize the boundary value problem of the
microstretch linearly elastic isotropic solid body. Weak formulation is presented as well. Sec-
tion 3. describes briefly the analitycal solution of the extension problem of the microstretch
cylinder. Section 4. presents in detail the finite element discretization of the problem of the
microstretch linearly elastic isotropic solid body in three dimensions. Section 5. presents the
results of the numerical simulation of the extension problem of microstretch cylinder, compares
the results with the prediction of the theoretical solution and discuss the results. Section 6. gives
a conclusion of the paper.

2. Basic equations

Let us denoteB the placement of the body under consideration in the three-dimensional Eu-
clidean space so thatB is the set of all placesx occupied by the body at timet. We denoteB0
the reference placement and it is the set of all placesX occupied by the body at timet = 0. We
assume the Cartesian coordinate system throughout this paper. Comma denotes a partial differ-
entiation with respect to appropriate coordinate. Linear microstretch continuum is characterized
by three independent kinematical fields: displacement fieldu = x−X, field of microscopical
rotationsφ and microstrech functionψ which is a scalar function. Linear strain tensors are
introduced in Eringen [1999] as

εkl = ul,k + εlkmφm, κkl = φk,l, γk = 3φ,k, e = 3ψ. (1)

Balance equations comprise

tkl,k = 0, mkl,k + εlmntmn = 0, hk,k − s = 0, (2)

where we omitted the body loads for abbreviation.tkl denotes the Cauchy stress tensor that is,
in general, non-symmetric.hk is the microstretch vector (sometimes called hyperstress) and
mkl is the couple stress tensor. The couple stress tensor divergence is compensated by the non-
symmentric part of the macroscopic stress tensor, whiles compensates the divergence of the
hyperstress and represents the net pressure involved in the dilatation of the microstructure. Its
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origin is in the difference between traces of the macroscopic stress tensor and the microstress
average, see Eringen [1999]. Constitutive relations of microstrech isotropic solid are following

tkl = (λ0ψ + λεmm)δkl + (µ+ κ)εkl + µεlk,

mkl = ακmmδkl + βκkl + γκlk + (1/3)b0εmlkγm,

hk = a0γk + b0εklmκlm,

s = λ1ψ + λ0εkk, (3)

with 10 material moduliλ, µ, κ, α, β, γ, λ0, λ1, a0 andb0. Denotingt̃i the surface traction,̃mi

the surface moment and̃h the microtraction, we may write the boundary conditions at regular
points of∂B as

t̃i = tjinj, m̃i = mjinj, h̃ = hini. (4)

We are limited to the linear theory so that the internal energy density is assumed to be a positive
definite quadratic form. Material stability requires that the material moduli fullfil the restrictions

3λ+ 2µ+ κ ≥ 0, 3α+ β + γ ≥ 0,
2µ+ κ ≥ 0, γ + β ≥ 0, γ − β ≥ 0, κ ≥ 0, (5)

3λ+ 2µ+ κ ≥ 3λ20/λ1, a0 ≥ 0, λ1 > 0.

The variational formulation of the boundary value problem for linearly elastic microstretch body
in three dimensions may be expressed as∫

Ω

tij,jδujdΩ +
∫
Ω

(mij,i + εjkltkl)δφjdΩ +
∫
Ω

(hi,i − s)δψdΩ = 0, (6)

with the boundary terms omitted for brevity andΩ being an arbitrary sub-volume of the body
B andδ denoting the variation with respect to the corresponding variable. Applying the Green
Theorem we obtain the weak formulation∫
Ω

tij(δuj),idΩ +
∫
Ω

mij(δφj),idΩ−
∫
Ω

εjkltklδφjdΩ +
∫
Ω

hi(δψ),idΩ +
∫
Ω

sδψdΩ = 0, (7)

valid ∀δui, δφi, δψ and∀Ω.

3. Microstretch cylinder

The analytical solution for the problems of extension and bending for a homogeneous and
isotropic microstretch cylinder is shown in Ieşan and Nappa [1995]. This problem was solved
for constitutive relations without the coupling terms with material parameterb0. These two
terms (see (3)) were introduced later in Eringen [1999]. The solution of three dimensional
problem is based on the solutions of three auxiliary plane strain problems, see e.g. Ieşan and
Nappa [1994].

We consider a cylinder of isotropic material which occupies the regionB whose boundary
is ∂B. We assume that the cylinder is bounded by plane ends perpendicular to the generators.
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The generic cross-sectionΣ is assumed to be a simply-connected regular region bounded by the
closed curveL. The axisOx3 of our coordinate system will be directed parallel to the generators
of the cylinder. The cylinder is assumed to be of lengthl and one of its bases is taken to lie in
thex1Ox2 plane while the other is in the planex3 = l. We denote byS the lateral surface of
the cylinder. The cylinder is assumed to be free from lateral loadings.

Let us consider the extension of the microstretch cylinder. The loading applied on the end
x3 = l is assumed to be statically equivalent to a forceF = [0, 0, F3]T . The solution of the
extension problem is

u1 =
F3
EA

ν1x1, u2 =
F3
EA

ν1x2, u3 = − F3
EA

x3, φk = 0, ψ =
F3
EA

ν2, (8)

whereA is the cross-section of the cylinder and

E = λ+ 2µ+ κ− 2λν1 − λ0ν2,

ν1 = (λ− λ20/λ1)/(2λ+ 2µ+ κ− 2λ20/λ1), (9)

ν2 = (1− 2ν1)λ0/λ1.

Other types of loading may be considered too. We have tried the simulations with the bending
of the cylinder, however, the results were not satisfactory. After discussion with proffessor Ieşan
we have found that there are typesetting errors in the analytical solution for bending in Ieşan
and Nappa [1995]. Recently, we have received the corrected version and the bending of the
cylinder is studied intensively.

4. Finite element discretization

We use the following notation for the discrete counterparts of the microstretch quantities re-
stricted to a finite elemente: strainεe, torsion-curvatureκe, macroscopic stresste,couple stress
me, hyperstresshe and net pressurese. The discretized rank-2 tensors are stored as vectors,
using the following ordering

•ij =

 •11 •12 •13
•21 •22 •23
•31 •32 •33

 ≈
[
•11 •22 •33 •12 •13 •23 •21 •31 •32

]T
, (10)

i.e. we store first the diagonal, then the upper triangle and finally the lower triangle. Let
us denote byϕ the (n × 1) vector of element restrictions of the base functions and byGi,
i = 1, . . . , 3 their derivatives with respect to the space coordinatesxi. Let ue, φe, ψe be the
vectors of displacements, microrotations, and microstretch of element nodes respectively and
de = [ue,φe,ψe]T the compound vector of element unknowns. We also denote ak-dimensional
identity matrix byIk. The constitutive equations for an isotropic microstretch material (3), in
the discrete form can be written in general as

•e =D•Bd
e , (11)

where• ∈ {t,m,h, s}. The particular forms ofD•, B are described below. Hereue =
[ue
1,u

e
2,u

e
3]

T , φe = [φe
1,φ

e
2,φ

e
3]

T and thusde has length7n, wheren is the number of element
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nodes. The element approximations of unknown fields are thenui ≈ ϕTue
i , φi ≈ ϕTφe

i ,
i = 1, 2, 3, ψ ≈ ϕTψe and their derivativesui,j ≈ Gju

e
i , φi,j ≈ Gjφ

e
i , ψ,j ≈ Gjψ

e. The
element restrictions of approximations of strain measures stored as vectors can be expressed as
follows (see (1)):

εe =



u1,1
u2,2
u3,3
u2,1
u3,1
u3,2
u1,2
u1,3
u2,3


+



0
0
0

−φ3
φ2

−φ1
φ3

−φ2
φ1


≈



G1
G2

G3
G1 −ϕT

G1 ϕT

G2 −ϕT

G2 ϕT

G2 −ϕT

G3 ϕT


︸ ︷︷ ︸

≡[G†|ν]

·
[
ue

φe

]
, (12)

κe =



φ1,1
φ2,2
φ3,3
φ1,2
φ1,3
φ2,3
φ2,1
φ3,1
φ3,2


≈



G1
G2

G3
G2
G2

G3
G1

G1
G2


︸ ︷︷ ︸

≡G

·φe ,

 ψ,1

ψ,2

ψ,3

 ≈

 G1
G2
G3


︸ ︷︷ ︸

≡Gc

·ψe . (13)

The matricesD•,B of (11) are in this case


Dt

Dm

Dh

Ds

 ≡


D1 D1 λ019

D2 b0P
T

b0P a0I3
λ01T

9 λ01T
9 λ1

 , B ≡


G†

ν
G†

ϕT

Gc

 , (14)

where the (3× 9) matrixP

P ≡

 −1 1
1 −1

−1 1

 (15)

corresponds to the alternating symbolεijk, 19 ≡ [1, 1, 1|0, 0, 0|0, 0, 0]T andD1, D2 are de-
scribed below. First we define a transposition operatorJ9 acting on tensors stored as(9 × ∗)
matrices as given by relationsν† = J9ν(= −ν), G† = J9G; the † upper right index means
transposition of the original matrix-like tensor. Then we can define

D1 = λ191T
9 + (µ+ κ)I9 + µJ9 , D2 = α191T

9 + βJ9 + γI9 . (16)
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The discrete version of the variational formulation (7), restricted toe, is

(δue)T

∫
e

G†TDtB de

de

+(δφe)T

∫
e

(G†TDm + ν
TDt)B de

de

+(δψe)T

∫
e

(GT
c Dh +ϕDs)B de

de assemble−→ 0 ∀δu, δφ, δψ .

(17)

Hence it is easy to see that the element matrix is symmetric and has the following structure:

Ke ≡


G†TD1G

† G†TD1ν G†Tλ019ϕT

νTD1G
† νTD1ν +G†TD2G

† νTλ019ϕT +G†T b0P
TGc

ϕλ01T
9G

† ϕλ01T
9 ν +G

T
c b0PG

† ϕλ1ϕ
T +GT

c a0I3Gc

 . (18)

This block structure is also reflected in the assembled tangent stiffness matrix. Let us recapitu-
late the sizes of the involved matrices:

matrix ϕ G† Gc ν D1 D2 P Ke

rows n 9 3 9 9 9 3 3n+ 3n+ n
columns 1 3n n 3n 9 9 9 3n+ 3n+ n

It is worth noting that the stiffness matrix is indefinite and thus we are obliged use a robust
direct solver, e.g. UMFPACK (see Davis [2004]) for the resolution of the linear system.

5. Results and discussion

We study the extension of the cylinder described above with radiusr = 0.25 and lengthl = 2.
Thex3 = 0 plane is fixed while on thex3 = l plane the loading is applied. More precisely,
nodal displacementsu3 = 0 are set to zero on thex3 = 0 plane while the central node with
the coordinates[0, 0, 0]T is fixed in all three (macroscopic) directions, i.e.ui = 0, i = 1, 2, 3 is
prescribed for this node. In the case of extension, the microrotations are fixed for all nodes of
the body, i.e.φi = 0, i = 1, 2, 3. Pressure is prescribed on thex3 = l plane equivalent toF3/A
value. Three dimensional mesh was constructed in Gambit, our finite element package was
used for computations and the results are visualized in ParaView software. Material parameters
were chosen so that the thermodynamical restrictions were fulfiled and withb0 = 0 according
to the case studied in Ieşan and Nappa [1995]. Figure 1 presents the comparision of the results
from simulation with values predicted by theory. Thex3 = l was loaded with the pressure
F3/A = 20.000. Figure 2 presents the comparision of the numerical and theoretical results for
various boundary conditions (pressure prescribed) as the dependence between the displacement
uz of the loaded planex3 = l and the pressure applied on that plane.
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(a) simulation (b) theory

Figure 1: Distribution of theuz displacement field, pressure20.000 applied.

We are limited to the linear theory, of course, the dependence is linear. There is an apparent
discrepancy between the value predicted by theory and the result of the numerical simulation
from the applied pressure value14.000. We may assume that from this point, the deformation is
no longer linear and model cannot give good results. Up to this value, the results are satisfactory.

— theory
• simulation

• • • • • • • • • • • • • • • • • • • •

0 5 10 15 20
0
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0.08

0.1
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u
z

Figure 2: Comparision of the displacementuz from simulations and theoretical prediction.

6. Conclusion

This paper deals with the modelling of the cylinder with microstructure. Microstructure is
described with the microstretch theory in which each point of the continuum can translate,
rotate and deform uniformly without shear. Basic equtions of the theory are presented and the
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weak formulation is derived. The analytical solution of the extension of the linearly elastic
isotropic microstretch cylinder is shown. Finite element discretization is described in details.
Numerical results are compared to those predicted by theory and the results are satisfactory.
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