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Abstract:  . The fracture-mechanical parameter values of concrete, a quasi-brittle composite material, 
are determined from records of experiments on specimens with stress concentrators. One of the fracture 
models applicable to concrete is the double-K model. This model combines the concept of cohesive forces 
acting on the effective crack increment with a criterion based on the stress intensity factor. The outputs of 
the model are critical crack tip opening displacement and fracture toughness values, including the 
initiation stress intensity factor value corresponding to the beginning of stable crack propagation. In this 
paper, a method of calculation by means of the double-K fracture model is verified using published data 
and the results of a pilot wedge-splitting test performed by the authors. 
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1. Introduction 

Cement-based composites are one of the most widely used building materials. Concrete may be 
classified as a so-called quasi-brittle material. Studying the mechanical response of specimens made of 
such composites under static and dynamic/fatigue loading is complicated due to their highly nonlinear 
nature. Numerical tools for modelling both elastic (elastic-plastic) behaviour and also the fracture 
process are commonly used to predict or assess the response of structures fabricated from quasi-brittle 
materials. Such tools ! often based on the finite element method ("ervenka et al., 2007) or physical 
discretization of the continuum (Frantík, 2007) ! are usually equipped by exploiting a type of 
nonlinear fracture model simulating the cohesive nature of cracking of quasi-brittle material (Ba#ant 
& Planas, 1998; Karihaloo, 1995; Shah et al., 1995). The parameters of this fracture model are 
determined from records of fracture tests; this is carried out either using evaluation methods built on 
the principle of the used non-linear fracture model, e.g. the work of fracture method (RILEM, 1985) or 
the size effect method (RILEM, 1990), or using inverse analysis with the possible application of 
advanced identification methods ($tafa & Frantík, 2010). 

The utilization of existing methods for the evaluation of test records can result in the obtaining of 
fracture parameter values influenced by both the size and shape of the test specimen and the test 
geometry (the boundary conditions of the test). Such parameters cannot be used as relevant inputs to 
an analysis using the above-mentioned numerical tools. A similarly distorted description of the 
fracture may be indirectly caused by utilization of the methods for evaluation of the fracture model 
parameters – through the identification methods used – if this procedure is applied to the results of 
only one type of test and specimen size/shape. The effects of the specimen's size/geometry/free 
boundaries directly affect the recorded load–deflection or the load–crack mouth opening displacement 
diagram by means of which the inverse analysis is carried out. Note that both groups of methods for 
determination of the parameters of quasi-brittle fracture models have been studied by the authors' team 
for several years (see e.g. Vesel% et al., 2007, 2009, 2010, and 2011). 
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Research into the above-mentioned effects of the characteristics of the specimen or the test has 
been the subject of considerable attention in recent decades. Various methods are used for the 
determination of the characteristics of fracture models for concrete test geometries on notched 
specimens; the three-point bending of notched beams or wedge-splitting of compact notched 
specimens (Brühwiler & Wittmann, 1990; Karihaloo, 1995) are among the most common. The model 
referred to as the "double K" (double-K or double-G – see Reinhardt & Xu, 1999, Xu & Reinhardt, 
1999a, b, c; Xu et al., 2003, Xu et al. 2006, Zhao et al., 2007, Xu & Zhang, 2008; Kumar & Bara, 
2009; Zhang & Xu, 2011) is similar in this respect. In principle, this model combines the concept of 
cohesive forces acting on the faces of the fictitious (effective) crack increment with a criterion based 
on the stress intensity factor (SIF). This model can determine the critical crack tip opening 
displacement and the fracture toughness and is capable of describing different levels of crack 
propagation: an initiation part, which corresponds to the beginning of stable crack growth (at the level 
of reaching the stress intensity factor, KIc,ini), and a part featuring unstable crack propagation (after 
reaching the unstable fracture toughness, KIc,un). 

In this paper, a selected method of calculation exploiting the double-K fracture model parameters 
is verified using published data (Zhang & Xu, 2011). Subsequently, it is employed in processing the 
results of the authors’ own pilot wedge-splitting test performed on a prismatic concrete specimen. 
Note that the shape function of the wedge-splitting test specimen used in the evaluation procedure was 
prepared from data published in Seitl et al. (2011). 

2. Evaluation of the wedge-splitting test on concrete specimens 

The geometry of a prismatic-shaped specimen for use in wedge-splitting tests (WST) is shown in 
Fig 1, where D is specimen depth, 2H is specimen width, B is specimen thickness and a0 is the initial 
notch length. A sketch of the loading force decomposition is shown in Fig. 1 right and consists of 
applied vertical load PV, normal reaction N, friction force Ff, horizontal force applied on the specimen 
PH and wedge angle !. 

The horizontal splitting force PH can be calculated as:  

 
2 tan

V
H

PP
!

=  (1) 

where ! = 15° in our case. 

The execution of this test on a selected concrete specimen is shown in Fig. 2. The input data are 
summarized in Tab. 1 for two tested concrete specimens: i) data from the literature (Zhang & Xu, 
2011), denoted as Specimen 1, and ii) data from the authors’ own afore-mentioned pilot wedge-
splitting experiment (Specimen 2). 

 

  
Fig. 1: Specimen geometry and force diagram. 
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Fig. 2: Wedge-splitting test configuration and a detail of a cracked concrete specimen (photo by Tá"a 

Holu#ová). 

 
Tab. 1: Input parameters. 

Parameter Symbol Unit Specimen 1 Specimen 2 
Depth D mm 200 130 
Width 2H mm 200 150 
Thickness B mm 199 70 
Notch depth a0  mm 80 25 
Thickness of holder  H0 mm 2 5 
Load from the linear part  Pi N 7856 2799 
Crack mouth opening displacement for Pi CMODi mm 0.026 0.117 
Maximum load Pmax N 10023 4443 
Crack mouth opening displacement for Pmax CMODc mm 0.0898 0.2386 

 

 2.1.  Calculation of double-K fracture parameters 

The analytical method for WST was developed (Xu & Reinhardt, 1999c) as an alternative to the 
experimental approach (Xu & Reinhardt, 1999a) used to assess double-K fracture toughness 
parameters. This procedure is based on a linear asymptotic superposition assumption (Xu & Reinhardt, 
1999b) and requires numerical investigation of the cohesive toughness KIc,c, which represents the 
growth of unstable fracture toughness KIc,un above the level of the initiation fracture toughness KIc,ini 
due to cohesive stress transfer in the fictitious crack zone. This relation is given by the equation: 

 I I I
un ini c
c c cK K K= +  (2) 

and can be explained as an increase in the crack resistance caused by aggregates interlocking in the 
fracture process zone (FPZ) located in front of the stress-free crack tip. Once the cohesive toughness 
KIc,c is solved analytically, the value of KIc,ini can be evaluated by Eq. (2) and therefore it is only 
necessary to obtain a smaller number of measured parameters from a recorded P–CMOD diagram in 
comparison with the experimental approach. 

2.1.1.  Determination of the unstable fracture toughness KIc,un 

The unstable fracture toughness KIc,un is defined as the critical stress intensity factor created by the 
maximum load Pmax at the effective crack tip and can be expressed as the resistance to unstable crack 
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propagation. To evaluate this parameter one can use the following linear elastic fracture mechanics 
(LEFM) formula (Xu & Reinhardt, 1999a, b, c): 

 max 0
I

0

un c
c c

P a HK DF
BD D H

!
" #+

= =$ %+& '
 (3) 

 
2 3 4

3/2

(2 )(0.886 4.64 13.32 14.72 5.6 )( )
(1 )

c c c c c
c

c

F ! ! ! ! !
!

!
+ + " + "

=
"

 (4) 

where the maximum load Pmax and the critical effective crack length ac are the input parameters readily 
obtained from the measured P–CMOD diagram, H0 represents the thickness of the clip extensometer 
holder and B, D are the specimen dimensions according to Fig. 1.  

 To evaluate Eq. (4) it is necessary to evaluate the critical effective crack length ac at the unstable 
loading condition (Pmax) by solving the following nonlinear equation proposed by Murakami (1987): 
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where CMODc is the critical crack mouth opening displacement due to the maximum load Pmax and E 
is Young’s modulus, which can be determined either through a compressive cylinder test or through 
the calculation method given in the RILEM recommendation (RILEM, 1990).  

2.1.2.  Determination of cohesive fracture toughness KIc,c 

The cohesive fracture toughness can be described as the energy dissipated by cohesive forces 
distributed along the critical fictitious crack zone. To calculate the cohesive fracture toughness KIc,c, 
bilinear distribution of the cohesive stress is assumed. Generally, the cohesive stress function $(w) 
expresses the relation between the cohesive stress ) and the fictitious crack opening displacement w. 
Four parameters are necessary to uniquely define this function, namely the tensile strength ft, the 
cohesive stress $s, the crack opening displacement ws at the slope discontinuity of the bilinear curve, 
and the critical crack opening displacement w0 at which the cohesive stress $ drops to zero. These four 
parameters can be determined using expressions given e.g. in the CEB-FIP design code. The following 
parameter values of the bilinear cohesive stress function were used in this paper: ft = 3.546 MPa, $s = 
0.599 MPa, ws = 0.02363 mm and w0 = 0.16177. 

At the maximal load Pmax the crack becomes unstable and the corresponding opening at the tip of 
the stress-free crack (the origin of the fictitious crack) is termed the critical crack tip opening 
displacement, CTODc. Depending on the value of CTODc, two cases exist for the cohesive stress 
distribution along the fictitious crack length at the critical state (Zhang & Xu, 2011). 

Case I is supposed to hold for CTODc < ws, and the corresponding distribution of cohesive stress in 
the FPZ is linearly distributed according to the formula: 

 ( )0
1

0

( ) ( ) ( )c t c
c

x ax CTOD f CTOD
a a

! ! !
"

= + "
"

 (7) 

where $(CTODc) is the cohesive stress at the tip of the initial crack with the length a0 at the critical 
state. This can be obtained using Eq. (8) according to the cohesive stress function: 

 ( )( ) ( ) ( )s c
c s s t s s

s

w CTODCTOD w f w
w

! ! !
"

= + "  (8) 

Case II is supposed to hold when ws < CTODc < w0, and in this case, the corresponding cohesive 
stress distribution is bilinear and can be expressed for 0 sa x a! ! as: 
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or for s ca x a! ! this can be rewritten as: 
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where, in both equations, $s(ws) is the cohesive stress corresponding to the crack opening displacement 
ws, ft is the tensile strength, a0 is the initial notch depth (initial crack length) and as is the effective 
crack length corresponding to CTOD = ws, which can be obtained by solving the following nonlinear 
equation: 
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In Eq. (11) CMODc is the crack opening mouth displacement at the critical point, D is the 
specimen depth according to Fig. 1 and ac is the critical effective length mentioned above. 

Once the distribution of cohesive stress in the FPZ is known, one can calculate the cohesive 
fracture toughness KIc,c by integrating the following expression: 
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and where the substitutions U=x/ac, V=ac/D are used: $(U) is the cohesive stress according to formulas 
(7, 9, 10) and F(U,V) is the characteristic Green function. To evaluate Eq. (12) a special numerical 
integration method is necessary to handle the singularity at the integral boundary.  

2.2.  Results of calculations 

This paper is primarily focused on the functionality of the double-K fracture model. The results of the 
calculations of the values of selected parameters of this model can be found in Tab. 2. The values in 
parentheses for “Specimen 1” are taken from Zhang & Xu (2011). 

 
Tab. 2: The resulting values. 

Parameter Symbol Unit Specimen 1 Specimen 2 
Critical effective crack length ac mm 119.59 (119.84) 31.62  
SIF (unstable fracture) KIc

un MPa*m1/2 1.557 (1.557) 0.918 
SIF (cohesive toughness) KIc

c MPa*m1/2 0.868 (0.885) 0.141 

SIF (initiation toughness) KIc
ini MPa*m1/2 0.689 (0.672) 0.777 

Critical crack tip opening CTODc mm 0.03992 (0.03938)  0.101 

3. Conclusions 

The concept of the double-K fracture model is not currently used in the Czech Republic (except for in 
a study reported in the paper Ker'ner & Matesová (2001), which focused on three-point bending of 
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notched prismatic concrete specimens), but the worldwide scientific and professional public interest in 
this model has recently been increasing. A technical committee (TC) of the RILEM international 
fellowship (International Union of Laboratories and Experts in Construction Materials, Systems and 
Structures), related to the double-K concept and headed by Prof. Shilang Xu and Dr. Shailendra 
Kumar, was established in October 2011. The task of the new technical committee is to examine the 
crack stability criteria related to the double-K fracture model, whose use has been shown to be 
independent of the sample size, and on the basis of further extensive experimental and numerical 
verification, to attempt to prepare a RILEM document which will be usable for international 
standardization activities in the field of concrete and concrete structures. Note that the double-K model 
criteria are used to assess the safety of large concrete structures (dams) in Chinese national standard 
No. DL/T5332-2005, issued in 2005. 

In this paper, the utilization and results of a method for calculation of the double-K fracture model 
parameters were shown. The procedure was programmed and verified using published data and the 
results of the authors’ own pilot wedge-splitting test. The applicability of the used approach was 
demonstrated via the comparison of the evaluated results of WST experiments on prismatic-shaped 
concrete specimen with published data. 
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