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Abstract: The paper is an extension of previous authors' works, in which the simulation model of 
a laboratory mobile crane was developed. The simulation model allowed to track the trajectory of the load 
carried on a flexible or rigid rope. The load was treated as a particle. In this work, the theoretical and the 
computational models were formulated to simulate the motion of a load represented in the form of a rigid 
body whose parameters can be freely defined. The numerical program allows one to analyze the dynamic 
phenomena both during the working cycle and the free movement of the load. 
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1. Introduction 
The load carrying process is an important problem during the analysis of the dynamics of mobile cranes. 
Knowledge of the behavior of the mobile crane during a work cycle is useful at the stage of designing 
a new construction, improving existing ones, as well as positioning and minimizing final load 
fluctuations. Literature about the truck crane and the influence of external factors on its dynamic behavior 
was discussed in the doctoral thesis by Cekus (2005). A summary of the results obtained in reference to 
the mobile cranes can be works (Jedliński & Grzesikiewicz, 1990; Posiadała et al., 2005; Trombski et al., 
1990). Jedliński & Grzesikiewicz (1990) described dynamic phenomena occurring in the mathematical 
model during the hoisting of the load (only in the lifting plane). Trombski et al. (1990) presented two 
dynamic models. The first model was concerned on the spatial rotary motion, and the second one 
involved the planar motion in the lifting plane. Posiadała et al. (2005) have developed a mathematical 
description of the movement of the system rotary crane - load during the duty cycle. The problem of 
positioning and minimization of the final load fluctuations in truck cranes was presented, among others, 
in (Abdel-Rahman & Nayfeh, 2002; Kłosiński, 2005; Maczyński, 2003). Abdel-Rahman & Nayfeh 
(2002) proposed to reduce payload (a pointmass) pendulations using the reelingand unreeling of the 
hoisting cable. Kłosiński (2005) presented the method that allows one to transfer the payload from one 
point to a target point, with simultaneous minimization of the swings when the working motion was 
finished (the experimental verification has been conducted). Maczyński (2003) selected the driving 
function (with feedback and the PID controller) of the body rotation, which allows one to stabilize the 
position of the load. In all mentioned papers the load was treated as a particle. The load was modeled as a 
3D rigid body by Grabski & Strzałko (2003), but only the initial period of the crane operation (rope 
tensioning, stick-slip motion of the load with respect to the ground, the moment of detachment and 
motion of the load after is detachment) was described.  
This work presents the behavior of the load carried by a laboratory mobile crane. Numerical 
investigations were carried out on a modified simulation model (Cekus et al., 2014). The modification of 
the system consists in replacing the load treated as a particle by a rigid body. The simulations comprise an 
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influence of drive and control systems on the payload motion. The sample of numerical results illustrates 
the trajectory and positions of the load carried on the flexible rope. 

2. Simulation model 
The simulation model (Fig. 1) was created as a result of implementation of a geometrical model made in 
the SolidWorks in the Matlab/Simulink environment. The detailed process of construction of the analyzed 
model was shown in paper (Cekus et al., 2014). In this work, the particle has been replaced by a rigid 
body (Fig. 1b). Therefore, it was necessary to define the orientation of the movable Cartesian coordinate 
system C relative to the global one. The Bryant's angles (Flores, 2015) (Ψ, Θ, Φ) were used to describe 
the rigid body (the load) orientation. Using these angles, it is possible to determine the angular velocities 
and accelerations of the rotation of the rigid body associated with the moving coordinate system.  

a) 

 

b) 

 

Fig. 1: Simulation model of laboratory truck crane: a) computational model,  
b) forces acting on the load 

The general motion of a rigid body can be presented as a resultant of a translational motion of a center of 
mass and a rotation about a fixed point about a center of mass. Rotation about a fixed point can be 
described by the vector equation (Posiadała & Tomala, 2011): 

 CC KM
dt
d

= , (1) 

where: KC is a vector of a total angular momentum of a rigid body relative to the center of its mass 
expressed as the product of the moments of inertia matrix and the absolute angular velocity of body 
rotation around its center of mass. 
Using the second law of Newton's dynamics, the vector of moments acting on a solid body relative to the 
center of mass can be written as: 
 FrM C ×= , (2) 

where: F is a vector sum of the tension in the rope (ρl) and the force of inertia of the load. 
The equation (1), taking into account the derivative of the total angular momentum of a solid in the 
constant system, leads to a system of dynamic equations of motion that can be written by applying the 
Einstein's summation convention (Posiadała & Tomala, 2011): 
 3,2,1, =+= jJJM nmnkjkmmjmj ωωεε , (3) 

where: J is the moments of inertia matrix, and εjkm is Levi-Civita symbol. 
The components of angular velocity and angular acceleration vectors, in system of equations (3), are 
presented as functions of Bryant's angles and their partial derivatives. Taking into account: the total 
velocity and the total acceleration of the solid in the constant system (Posiadała & Tomala, 2011), the 
components of the moments and their transformations, as well as the vectors of forces acting on the load, 
the system of three second order differential equations is obtained: 
 EZD = . (4) 
In order to solve the initial problem of the movement, the formulas should be reduced to the system of 
first order differential equations by the following substitutions: 
 11 Ψ=Z , 22 Θ=Z , 33 Φ=Z , 14 Ψ= Z , 25 Θ= Z , 36 Φ= Z . (5a-f) 
Taking into account the system of equations of load motion (Cekus et al., 2014): 
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where: components aΩX, aΩY, aΩZ are the accelerations of the end of the boom in the global system, 
a system of equations of load (in the form of a rigid body) motion is obtained. 

Systems of equations (4, 6) are supplemented with initial conditions in the following form: 

 ( ) ( ) 0000
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, ηηηη  ==
== tt

tt , ( ) ( ) 0000
, ζζζζ  ==

== tt
tt , ( ) ,00 ltl t ρρ =

=
( ) 00 ltl t ρρ  =

=
, 

 ( ) ( ) 0000
, Ψ=ΨΨ=Ψ

==


tt
tt , ( ) ( ) 0000

, Θ=ΘΘ=Θ
==



tt
tt , ( ) ( ) 0000

, Φ=ΦΦ=Φ
==



tt
tt  (7a-n) 

what leads to the final initial problem formulation of the movement of a load carried on a flexible rope.  
The above equations have been entered in the form of scripts and functions into the SimMechanics model. 

3. Sample numerical results 
Exemplary simulations (Fig. 3) were performed for three rigid bodies (a1 = b1 = c1 = 0.5 m; a2 = 0.8 m,  
b2 = 0.5 m, c2 = 0.3125 m; a3 = 1.6 m, b3 = 0.5 m, c3 = 0.15625 m) representing a load with the same mass 
(50 kg) carried on a flexible rope. The initial length of the rope (ρl0) is 1.5 m (length is measured from the 
end of the boom to the hook up point of the load). The movement began from zero initial conditions, 
except for η(t0) = 0.5 m and ζ(t0) = ρ0. The motion of the lifted load was considered for the time equal 
50s. For the first 40s, the motion was forced by the controls and, after their action ceased, for the next 10s 
free oscillations of the lifted load were observed. The assumed motion sequences were directly connected 
with the working movements of the laboratory truck crane (linear motions are realized by the hydraulic 
cylinders (Uzny et al., 2016), while angular motions by the circulating cam hydraulic motors) and they 
resulted from control of: rotation of platform (start = 0s, stop = 10 s, maximal velocity = 0.2 rad/s), the 
boom inclination angle (start = 10 s, stop = 20 s, maximal velocity = 0.04 m/s), the rope length which 
depends on the rope motion forced by the winch (start = 30 s, stop = 40 s, maximal velocity = 0.1 m/s) 
and finally from the changes in the boom length (start = 20 s, stop = 30 s, maximal velocity = 0.1 m/s). 
All control functions were trapezoid pulses and included start-up (0.5 s), steady and braking (0.5 s) states.  
The initial problem has been solved with the help of the ode 45 function available in Matlab/Simulink 
program. 

   
Fig. 2: Trajectory of load movement and its orientation in space in 0 s, 10 s, 50 s of the working cycle:  

a) rigid body 1, b) rigid body 2, c) rigid body 3 

Based on the performed tests, it can be concluded that the different dimensions of the load (but with the 
same mass) does not affect on the trajectory of the suspension point (lifting sling). However, the attitude 
of the rigid body in the subsequent moments of time is different. This is very important when the load is 
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positioned and it indicates that the load should not be considered as a particle but as a rigid body with the 
shape required to be transferred.  

4.  Conclusions  

This paper describes a modified theoretical and computational models that allows one to simulate a load 
movement carried by a laboratory mobile crane. Load was treated as a rigid body. The effect of wind or 
friction forces on the load was omitted in the work, however, the inertia forces were taken into account. 
The influence of load dimensions on its fluctuations was analyzed. In the dynamic calculations, the 
influence of drive systems and control as a kinematic excitations in the form of trapezoid pulses were 
assumed. On the basis of conducted analyses, it has been stated that during the positioning of carried load, 
one cannot take into consideration load as the particle but as the rigid body. The presented model can be 
directly used to assess the stability of the truck crane during the duty cycle (Kacalak et al., 2018; 
Sochacki, 2007). The simulation model will be further developed by considering the friction forces in the 
joints and the influence of external factors such as wind power. Moreover, the kinematic excitations can 
be replaced by impact of power transmission and control systems. On the basis of those changes it is 
possible to get the feedback, positioning and fluctuations reduction of the load carried by crane.  
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