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Abstract: Computer algebra systems (CAS) are gaining popularity not only among young students and schol-
ars but also as a tool for serious work. These highly complicated software systems, which used to just be
regarded as toys for computer enthusiasts, have reached maturity. Nowadays such systems are available on
a variety of computer platforms, starting from freely-available on-line services up to complex and expensive
software packages. The aim of this review paper is to show some selected capabilities of CAS and point out
some problems with their usage from the point of view of 25 years of experience.
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1. Introduction

The Wikipedia page (Wikipedia contributors, 2019a) defines CAS as a package comprising a set of algo-
rithms for performing symbolic manipulations on algebraic objects, a language to implement them, and an
environment in which to use the language. There are 35 different systems listed on the page, four of them
discontinued. The oldest one, Reduce, was publicly released in 1968 (Hearn, 2005) and is still available as
an open-source project. Maple (2019a) is among the most popular CAS. It was first publicly released in
1984 (Maple, 2019b) and is still popular, also among users in the Czech Republic. PTC Mathcad (2019)
was published in 1986 in DOS as an engineering calculation solution, and gained popularity for its ability to
work with typeset mathematical notation in combination with automatic computations. Unlike other listed
systems, the symbolic capabilities here are limited; Mathcad remains oriented towards numerical engineer-
ing applications namely the verification, validation, documentation and re-use of engineering calculations
(Wikipedia contributors, 2019b). Unlisted there however are on-line graphics calculators such as GeoGebra
(2019), cloud computing services such as WolframAlpha (2019) and other teaching tools.

More than half of the listed CAS are open source projects, most of them actively developed. An interesting
example is MuPAD (Wikipedia contributors, 2019c). At the turn of the century it was a very powerful
system, easy to use and freely available for a variety of operating systems. It was originally developed
by the MuPAD research group at the University of Paderborn. The successful product was taken over
several times and was finally purchased by MathWorks. MuPAD became MuPAD® and was included in the
Symbolic Toolbox in Matlab. Eleven of the twelve most recent CAS projects are open source.

The history of Wolfram Mathematica dates back to 1988 when the first version was publicly released to-
gether with a 750-page book (Wolfram, 1988), for particular details see (Wolfram.com, 2019). The author’s
personal experience begins in 1994 with version 2.0, which was actually released three years earlier. His
first impression of the symbolic computational engine was very positive, even though the PC versions from
that time (running on Windows 3.1) were, to put it cautiously, less than stable. Fortunately, the stabil-
ity issues significantly diminished after switching to the linux version, in 1998, and the good impression
survived.

2. Language and Usage

The user interfaces, or front-ends, of most of the contemporary systems are more or less similar to one
another. They generally offer a WYSIWYG graphical interface resembling a standard text document.
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However, ease or difficulty of working with a particular CAS depends mostly on the language used for
communication between the user and the computational back-end. Specific needs implied by the symbolic
nature of particular solved problems lead to the fact that every CAS defined its own programming language,
which in some cases was later extended with a graphical interface. For example, the oldest CAS, Reduce,
is based on an ALGOL 60-type syntax modification of the LISP language. Maple uses a language similar
to Pascal. MuPAD also uses a similar language, and in addition it provides support for object oriented pro-
gramming. All the mentioned languages proceed from the standard programming methodology introduced
in mid-1950s. Most technical school graduates are familiar with such an approach.

The Wolfram Mathematica programming language was developed with the intention to allow its users
greater variability. Usually it is described as a multi-paradigm computational communication language.
Although most of the advanced properties of the software package are in fact application libraries, the pos-
sibility of building such a wide spectrum of applications confirms the variability of the language core. Its
main designer, Stephen Wolfram, is acknowledged for his scientific works in computer science, mathemat-
ics, and theoretical physics. Thus, the language was written by a mathematician for mathematicians. It
contains most of the elements of traditional programming languages (even the Goto[] statement), how-
ever, the more the user learns the language, the less he uses traditional constructions. The Wolfram Language
provides a unique opportunity not only to introduce someone to programming, but to quickly get them to the
very frontiers of what can be done with computation today (Wolfram, 2019). A few features of the Wolfram
Language are shown in Table 1.

3. Examples for Practice

This short contribution cannot substitute a proper introduction to the Wolfram Mathematica language. For
that purpose the reader is kindly referred to many available guides and books (Wolfram, 2019; Mangano,
2011; Trott, 2006, 2007, 2013; Trott and Trott, 2017). Only several simple examples will be presented here.

3.1. Natural Symbolic Derivation

Consider the mechanical system of a mass at the end of a spring. The kinetic and potential energies are
T = 1/2mẋ2 and V = 1/2 kx2 (m – mass, k – stiffness). The corresponding Euler-Lagrange equation reads

d

dt

(
∂

∂ẋ
(T − V )

)
− ∂

∂x
(T − V ) = 0 (1)

whose form can be evaluated in Mathematica using a single command:

input: output:T =
1
2
m x [t]2; V =

1
2
k x[t]2;

eq = t x [t] T - V - x[t]T + x[t]V 0 k x[t] + m x [t] 0

3.2. Graphics

The graphics capabilities of contemporary CAS are usually on a very high level. Visually attractive im-
ages created using Mathematica are easy to find on the internet. The Mathematica graphics engine is quite
powerful and comprises a wide range of plotting and image manipulation functions, but some intuitive op-
erations require a rather particular approach. Fine tuning of plots, annotating and the composition of several
graphs into one picture in Mathematica is possible, but for the inexperienced user it is often preferable to
use an external graphics editor. Moreover, the syntax of graphics commands has changed from version to
version quite often.

Table 1: Selected features of the Wolfram Language
input output

Prefix, infix or postfix notation: {Factorial[5], 5!, 5 // Factorial} {120, 120, 120}

User definable symbols and operators: a_Listi_ :=a i ; s = {2, 3, 4}; s2 3

Pure functions: 2
#
&[8] 256

Working with lists:
Map[f, {a, b, c, d, e}]
f /@ {a, b, c, d, e} {f[a], f[b], f[c], f[d], f[e]}
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To illustrate the plotting performance a very simple plot of the solution to Eq. (1) is presented in Fig. 1.
Using a single command, the plotted curve changes colour and style from solid black to dashed red for
sections with curvature higher than 0.5.

 nsol = First@NDSolve[{eq /. {m  1, k  1}, x [0]  0, x[0]  1}, x, {t, 0, 10}];

Curvature[t_] :=
Abs[x [t]]

1 + x [t]2
3/2

/. nsol ;

Show[Plot[If[# 1 , x[t] /. nsol], {t, 0, 7.15},

PlotStyle # 2 ] & /@ {

{Curvature[t] > .5, {Dashed, Red}},

{Curvature[t] <= .5, Automatic}}]

-

t

x(t)

Figure 1: Sample plot of x(t) in Eq. (1).

3.3. Numerical Computation and Parallelization

The majority of AMD and Intel processors contain several cores. Thus, the hardware for SMP-based par-
allel processing is easily available. Apart from a specialized version for grid computing, Wolfram Mathe-
matica includes parallel versions for most naturally paralellizable commands, e.g., ParallelTable or
ParallelSum, and it also provides support for GPU computation based on CUDA or OpenCL.

Regarding numerical computation, there are two reasons the performance of general CAS is weaker com-
pared to traditional programming. The first originates from the interpreting character of the programming
language; this effect is common for all interpreted systems. The second one stems from symbolic evalua-
tion. Computation involving exact values always requires more time, see Table 2. Both problems can be
avoided within the Mathematica environment using the command Compile. This compiles the numerical
expression into machine code and provides processing speed without any additional overhead. When nec-
essary, an SIMD paralellization evaluating the function for a complete list is a matter of a single option.
The concept of external linkable procedures, similar to .mex files in Matlab, is available as well.

3.4. Low Level Code Generation

A natural extension of the symbolic manipulation capabilities is the ability to convert the results to different
output formats. The conversion to TEX allows the user to directly typeset the resulting expression, and the
commands CForm[] or FortranForm[] convert their argument to a C or Fortran code fragment. This
feature is particularly useful because it eliminates typing errors.

4. Selected Problems

At first glance it appears that everything in the realm of technical mathematics is instantly available and that
a thorough knowledge is not necessary. However, experience shows that the opposite is true. Consider a
simple integration example:

(a)

(b)

input: output:
0

2

Cos[n x] x // Simplify
Sin[2 n ]

n

Simplify
0

2

Cos[n x] x, Assumptions n Integers 0

In case (a), Mathematica is not concerned with the particular value of parameter n, whereas in certain other
cases it is. The result is obviously correct, but the specific solutions for the particular values of n may

Table 2: Timing of symbolic and numerical operations

symbolic operation timing numerical operation timing

k=0

100000

Sin
1

100000

k 1.251s
k=0

100000

Sin[0.00001 k ] 0.013s
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remain hidden in more complicated expressions. The user must always know what the computer is doing
and what is to be expected. Without exact knowledge one could end up with false or incomplete results.

Users also quite often copy and paste expressions obtained from a CAS into their publications. In this way
readers may encounter unnecessarily complicated or even misleading formulas. The following fragment is
taken from a paper submitted to a scientific journal; ωo is frequency and D is a positive constant:

1

D

(
−D 3

2

√
3ζ3ω4

0

D
+D

√
3ζ3ω4

0 erf

(
1

8

K0√
3Dζ3ω4

0

))
(2)

It is apparent that the author of Eq. (2) did not try to understand nor simplify his result.

5. Conclusions

Computer algebra systems allow researchers to concentrate on the core of their theories or projects. If
properly used, they can significantly simplify the computationally demanding aspects of research. Their
primary area of use seems to be non-routine derivations and computations. Their role in verification of par-
ticular procedures is undoubtedly indispensable. Mastering of such advanced tools places high demands on
their users. The programming language of Wolfram Mathematica is conceptually different from traditional
programming languages and, consequently, less understandable for technical experts. On the other hand,
it enables a faster description and solution of mathematical and general computational problems, it helps
eliminate certain types of errors and it allows instant verification of results.
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