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Abstract: This article is devoted to the study of the wear problem of elastic layer with nonuniform coating by
the system of plane rigid punches. It is assumed that punches has different lengths. A mathematical model of
the problem is obtained. It is a system of mixed integral equations (with Volterra and Fredholm operators) with
additional conditions. The analytical solution of the problem is presented. In the solution coating nonunifor-
mity is represented by separate factor. It allows one to make calculations with high accuracy even if coating
nonuniformity is described by rapidly changing function.
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1. Introduction

In previous works some contact-wear problems for foundations with coatings were solved. Work Manzhi-
rov and Kazakov (2017) was dedicated to the solving of the plane contact-wear problem for foundation with
longitudially nonuniform coating and flat rigid punch. Paper Manzhirov and Kazakov (2018) considered an
axisymmetric contact-wear problem for the case of complex shape of rigid punch. This paper provides so-
lutions to the problem for the case when the foundation wears out simultaneously with several independent
punches: different forces acting on the punches, punches has different lengths, distance between adjacent
punches are not the same. The presented studies use some results from Kazakov et al (2017); Kazakov
(2018, 2019).

2. Statement of the contact-wear plane problem and mathematical model

Elastic layer of arbitrary thickness hlower lies on an underlying undeformable basis without slipping (ideal
contact). Another elastic layer of another thickness h lies on the first layer. There is also ideal contact be-
tween the layers. The upper layer is softer than the bottom layer and it’s elastic properties (Young modulus
and Poisson’s ratio) depends on longitudinal coordinate, i.e. E = E(x), ν = ν(x). At the time τ0 several
different punches begin to indent into described foundation along the axis Oz. There is smooth contact
between punches and upper layer along Ox-axis. But the punches moves along the axis Oy perpendicular
to the plane Oxz with average modulus of the punch velocity V . It is assumed that there is a friction be-
tween punches and upper layer along the axis Oy and it is characterized by coefficient kw. This coefficient
depends, for example, on punch profiles along Oy-axis. Further it is assumed that the contact regions are
constant and bounded by segments

⋃
i=1,2,...,n[ai, bi] (n is number of punches), the characteristic dimension

ā = mini=1,2,...,n āi of the contact region is much greater than the upper layer thickness h (upper layer is
coating). Here ai and bi are left and right coordinates of ith punch and āi = bi − ai is width of this punch.
The scheme of the problem is shown in the Figure 1.

Numerous experiments have shown that, in the case of linear wear, the wear velocity is proportional to
the normal load and punch velocity and inversely proportional to the material hardness (see, for example,
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Fig. 1: Contact-wear problem for two punches

Pronikov (1957); Collins (1993); Soldatenkov (2010)). Then the vertical displacement of the top face of
coating due to wear has the form

uw(x, t) = − kwV
H(x)

∫ t

τ0

q(x, τ) dτ, i = 1, 2, (1)

where −q(x, t) is applied load, H(x) is hardness of coating (upper layer). The vertical displacement of
the coating top face due to applied load −q(x, t) has a form (see, for example, Alexandrov and Kovalenko
(1986))

uq(x, t) = −q(x, t)h
R(x)

− 2(1− ν2lower)
πElower

∫ ∞

−∞
kpl

(
x− ξ
hlower

)
q(ξ, t) dξ, (2)

Here R(x) = E(x)[1−ν(x)]/[1−ν(x)−2ν2(x)]; νlower and Elower are the Poisson’s ratios and the Young
modulus of the bottom layer; kpl(s) is the plane contact problem kernel (see Vorovich et al (1974)). So total
displacements under the punches equal to a sum of displacement due to wear (1) and displacement due to
load (2). On the other hand total displacement of each punch equals ui(x, t) = −δi(t) − αi(t)(x − ηi),
where δi(t), αi(t), and ηi = 0.5(ai + bi) are ith punch settlement, tilt angle, and midpoint. Hence main
system of integral equations of the problem has a form (x ∈ [ai, bi], t ≥ τ0, i = 1, 2, . . . , n)

kwV

H(x)

∫ t

τ0

qi(x, τ) dτ+
qi(x, t)h

R(x)
+

2(1−ν2lower)
πElower

n∑

j=1

∫ bj

aj

kpl

(
x− ξ
hlower

)
qj(ξ, t) dξ=δi(t)+αi(t)(x−ηi), (3)

The resulting equation should be supplemented by equilibrium conditions of the punches:
∫ bi

ai

qi(x, t) dx = Pi(t),

∫ bi

ai

(x− ηi)q(x, t) dx = Pi(t)ei(t), t ≥ τ0, i = 1, 2, . . . , n, (4)

where Pi(t) are applied forces and ei(t) are eccentricities.

There will be cases when the hardness of the material is proportional to it’s rigidity (see, for example,
Archard (1953) and Schalliamach (1954)), i.e. H(x) = kHR(x).

We use following change of variables in equations (3), (4):

x∗ =
2(x− ηi)

āi
, ξ∗ =

2(ξ − ηj)
āj

, t∗=
t

τ0
, λ =

2hlower
ā

, ζi∗ =
āi
ā
, ηi∗ =

2ηi
ā
,

δi∗(t∗) =
2δi(t)

ā
, αi∗(t∗) = ζi∗αi(t), V ∗ =

kwV τ0
kHh

, mi∗(x∗) =
kHhElower

āiH(x)(1− ν2lower)
,

qi∗(x∗, t∗) =
2ζi∗qi(x, t)(1− ν2lower)

Elower
, kij(x∗, ξ∗) =

1

π
kpl

(
ζi∗x∗ + ηi∗ − ζj∗ξ∗ − ηj∗

λ

)
,

P i∗(t∗) =
4Pi(t)(1− ν2lower)

āElower
, M i∗(t∗) =

8Pi(t)ei(t)(1− ν2lower)
āiāElower

,

x ∈ [ai, bi], ξ ∈ [aj , bj ], t ≥ τ0, i, j = 1, 2, . . . , n.

(5)
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Having omitted asterisks in the relations obtained, we arrive at the system integral equation and system of
additional condition in the form

mi(x)

[
qi(x, t) + V

∫ t

1
qi(x, τ) dτ

]
+

n∑

j=1

∫ 1

−1
kij(x, ξ)qj(ξ, t) dξ = δi(t) + αi(t)x,

∫ 1

−1
qi(x, t) dx = P i(t),

∫ 1

−1
xqi(x, t) dx = M i(t), x ∈ [−1, 1], t ≥ 1, i = 1, 2, . . . , n,

(6)

or in vector form
D(x) · (I−V)q(x, t) + Fq(x, t) = δ(t) + α(t)x,
∫ 1

−1
q(x, t) dx = P(t),

∫ 1

−1
xq(x, t) dx = M(t), x ∈ [−1, 1], t ≥ 1,

(7)

where D(x) is diagonal matrix with elements mi(x) and

q(x, t)=

n∑

i=1

qi(x, t)ii, δ(t)=

n∑

i=1

δi(t)ii, α(t)=

n∑

i=1

αi(t)ii, P(t)=

n∑

i=1

P i(t)ii, M(t)=

n∑

i=1

M i(t)ii,

k(x, ξ) =

n∑

i,j=1

kij(x, ξ)iiij , Ff(x) =

∫ 1

−1
k(x, ξ) · f(ξ) dξ, Vf(t) = −V

∫ t

1
f(τ) dτ.

(8)

Note that functions mi(x) in (6) (or matrix D(x) in (7)) connect with hardness of coating which can be
described by a rapidly changing and discontinuous functions. So it is required to solve mixed operator
equation (i.e. equations with two different integral operators, see Manzhirov (2016)) with several rapidly
changing functions.

3. Solution of the problem

Note that there is exist fifteen versions of mathematical statements for the plane contact problem for a
system of punches (because there are exist four different condition types on each punch and we can combine
punches in groups with similar condition types). Solution constructing will be similar for all versions.

Operator equation (7) has a structure close to the modified operator equation (8) from Kazakov (2019): the
difference is only in the position of Volterra operator. Additional conditions are the same. It can be shown
that both the method and the process of constructing the solution are similar. So final solution for the case
when all forces and moments are known has a form (x ∈ [−1, 1], t ≥ 1, i = 1, 2, . . . , n)

qi(x, t) =
1

mi(x)

[
zi0(t)p

i◦
0 (x) + zi1(t)p

i◦
1 (x) +

∞∑

k=2

zk(t)

∞∑

m=2

ψikmp
i◦
m(x)

]
,

αi(t) =

√
J0,i

J0,iJ2,i − J2
1,i

{
zi1(t)+

∫ t

1
zi1(τ) dτ+

n∑

j=1

[ 1∑

l=0

Kij
0lz

j
l (t)+

∞∑

k=2

( ∞∑

l=2

Kij
0lψ

j
kl

)
zk(t)

]}
,

δi(t) =
1√
J0,i

{
zi0(t)+

∫ t

1
zi0(τ) dτ+

n∑

j=1

[ 1∑

l=0

Kij
1lz

j
l (t)+

∞∑

k=2

( ∞∑

l=2

Kij
1lψ

j
kl

)
zk(t)

]}
−J1,i
J0,i

αi(t),

(9)

where (i, j = 1, 2, . . . , n, k = 2, 3, 4, . . ., m, l = 0, 1, 2, . . .)

zi0(t) =
P i(t)√
J0,i

, zi1(t) =
J0,iP

i(t) + J1,iM
i(t)√

J0,i(J0,iJ2,i − J2
1,i)

, Jl,i =

∫ 1

−1

ξl

mi(ξ)
dξ,

zk(t) =
−σk(t)
1 + γk

+
V

(1+γk)2

∫ t

0
σk(τ) exp

[
− V (t− τ)

1 + γk

]
dτ, σk(t) =

2∑

l=1

n∑

i,j=1

∞∑

m=2

Kij
mlψ

i
kmz

j
l (t),

pi◦l (x) =
1√

dl−1,idl,i

∣∣∣∣∣∣∣∣∣

J0,i J1,i · · · Jl,i
J1,i J2,i · · · Jl+1,i

...
...

. . .
...

1 x · · · xl

∣∣∣∣∣∣∣∣∣
, d−1,i = 1, dl,i =

∣∣∣∣∣∣∣∣

J0,i J1,i · · · Jl,i
J1,i J2,i · · · Jl+1,i

...
...

. . .
...

Jl,i Jl+1,i · · · J2l,i

∣∣∣∣∣∣∣∣
,

(10)
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Kij
ml =

∫ 1

−1

∫ 1

−1

n∑

i,j=1

kij(x, ξ)pi◦m(x)pj◦l (ξ)

mi(x)mj(ξ)
dx dξ,

and coefficients γk and ψikm can be found from the spectral problem:
n∑

j=1

∞∑

l=2

Kij
mlψ

j
kl = γkψ

i
km, i = 1, 2, . . . , n k,m = 2, 3, 4, . . . (11)

Results and conclusions

The contact-wear multiple plane problem for arbitrary system of rigid plane punches and elastic layer with
nonuniform coating is formulated and solved. The efficient solution for one version of the problem is
presented in analytical form. Solution constructing will be similar for all other versions.

Expressions for contact pressures under each punch have a structure in which the functions are associated
with the coating nonuniformity are distinguished by separate factors. This fact allows one to carefully
analyze the influence of contact characteristics on the stress-strain state of the foundation and positions
of bodies. Moreover, such solution representation allows one to perform efficient calculations of multiple
linear wear of layered foundations in cases when the coating elastic properties described by complex rapidly
changing or even discontinuous functions.

Constructed analytical formulas allow to obtain asymptotic formulas for the main characteristics of contact-
wear problem.
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