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Abstract: This paper presents a long-overdue comparison of data obtained from experimental investigation
of a spherical vibration absorber with the results of two mathematical models of the motion of a heavy sphere
in a spherical surface. It shows that the danger posed by the potentially unstable self-parametric nature of
the mathematical system is not too great in the case of realistic configurations, and that the values of the
parameters describing the realistic structures remain within intervals corresponding to the stable behaviour of
the absorber.
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1. Introduction

Passive tuned mass vibration absorbers are well-established in engineering literature; see the exhaustive
review paper by Elias and Matsagar (2017) or the recent one due to Yang et al. (2021). The ball-type
absorbers use the rolling movement of a heavy sphere inside a spherical recess to reduce vibration of the
connected structure. However, ball-type absorbers have limited adjustability of damping, making them
more susceptible to objectionable effects resulting from the nonlinear character of the system. Dynamic
stability analysis should be therefore a necessary part of the design process. Thus, it is surprising that
Elias and Matsagar (2017) do not mention any text concerning the dynamic stability analysis of structures
equipped with vibration absorbers.

Fig. 1: Experimental setup

This paper presents the synthesis that was lacking
in previously published engineering and theoretical
papers. It builds on the design, in-situ and exper-
imental investigation published by (Pirner, 2002)
and the theoretical models summarized by the au-
thors in (Náprstek and Fischer, 2018).

2. Description of the experiment

The spherical recess with a casted iron sphere was
fastened to a table supported by nine steel balls en-
abling the excitation of its movement by one or
two mutually perpendicular forces, see Fig. 1. The
forces were supplied by one (uniaxial excitation) or
two (biaxial excitation) MTS cylinders (jacks) via arms. The “position control” method was selected in
which the excited movement displacement of the supporting plate was kept approximately constant; the
excitation force was variable depending on excitation frequency. During each test, the excitation frequency
was varied regularly within the range of 0.7 and 1.6 Hz in steps of 0.1 Hz and in the resonance domain in
steps of 0.05 Hz. The duration of one step was 30 s and the transition time from one step to another was
15 s. The parameters of the examined absorber were: m = 870 kg, R = 0.41 m, r = 0.3 m.
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Fig. 2: Analytically and numerically obtained resonance curves for 2D mathematical model Eq. (1).

3. Matematical model in 2D

The Lagrangian model of the ball in a cavity, which is connected to a simple structure, is given as

ϕ̈+ κbϕϕ̇+ κω2
m sinϕ+ κζ̈ · cosϕ = 0 , (1a)

µϕ̈ cosϕ− µϕ̇2 sinϕ+ (1 + µ)ζ̈ + buζ̇ + ω2
Mζ = p(t) , (1b)

where µ = m/M , ω2
M = C/M , ω2

m = g/%r, κ = 5/7, %r = R−r, J = 2/5mr2, M,C are the mass and
stiffness of the structure, bu, bϕ are damping coefficients of the structure and absorber, respectively. The
symbols ϕ, ζ describe deflection of the position vector of the sphere from the vertical axis of the cavity and
ζ = (R−r)u, u denotes the displacement of the cavity. The structure is excited by force P = p0(R−r)M .

In order to identify the stationary amplitudes, excitation and the response are written as

p(t) = p0 sin(ωt) , ϕ(t) = α sin(ωt) + β cos(ωt) , ζ(t) = γ sin(ωt) + δ cos(ωt) . (2)

After substitution Eqs (2) into Eqs (1) and substituting the sinϕ and cosϕ functions by two terms of
the Taylor expansion, the harmonic balance procedure gives differential system for unknown amplitudes
Z = (α, β, γ, δ)T , see (Náprstek and Fischer, 2018) for details

M(Z)Ż = F(Z). (3)

The system (3) is meaningful if changes in amplitudes Z within one period 2π/ω can be neglected. Then
matrix M and right hand side vector F are (B0 = α2 + β2, Bx = B0 + 2x2)

M =




0 −ω −1
4αβκω

1
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1
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1
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 , (4)
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 . (5)

If the system response is to be stationary, the derivatives dZ/dt will vanish and Eq. (3) degenerates into
F(Z) = 0. The solutions to this equation represent the possible stationary vibration amplitudes of in-
dividual components. However, the stability of these stationary solutions should be assessed using the
Routh-Hurwitz conditions computed for the Jacobian of the complete right-hand side of the normal system

jac
(
M−1F

)
. (6)

The possible instability of the stationary solution using the 2D model comes from the interaction between
the motion of the sphere in the container and the motion of the structure. However, as shown in Fig. 2,
the instability appears only at higher amplitudes of harmonic excitation, where the unstable stationary
amplitudes are marked as red dashed curves. It is clear that at deflections above φ ≈ 60◦(35◦), where
the relative error of the cos(φ) polynomial replacement exceeds 5% (1%), the identified instability may
no longer reliably describe the physical phenomenon. But comparison with numerical integration (dashed
colour lines in Fig. 2) shows a qualitative agreement even for amplitudes 60◦ < φ < 90◦. In the figure, the
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Fig. 3: Stationary amplitudes of the 2D model Eq. (1) for constant displacement amplitudes. Top: a) reso-
nance curves for amplitudes of the sphere, b) forcing amplitudes necessary to obtain prescribed movement
of the structure; bottom: phase shifts between forcing and movement of c) the sphere, d) the structure.

non-stationary response is indicated by the shaded area between the curves for the minimum and maximum
values of the response amplitudes for a given constant excitation amplitude. It is worth noting that the
curves for response amplitudes φ > 90◦ are no longer physically meaningful, but they make nice shapes.

In order to match the position control mechanism used during the experiment, Fig. 3 illustrates a case
where the amplitude |ζ| =

√
γ2 + δ2 was prescribed constant while tracing the solutions of F(Z) = 0.

Thus, the part corresponding to Eq. (1a) is a simple Duffing equation (plot (a) in Fig. 3), whereas the part
representing the non-dimensional excitation force and interaction between the structure and the absorber
(plot (b)) reveals two resonance regions. The resonance frequencies can be observed from the phase shift
plots (c) and (d). It is important to note that only the lowest curve in the plot corresponds to the configuration
of the experiment, with an amplitude of |ζ| = 0.014, as shown in the experimental results in Fig. 4.

4. Mathematical model in 3D

Using a full 3D model allows for describing the instability of planar motion in the direction of harmonic
excitation due to transverse perturbations. However, due to geometric constraints, assumptions such as
harmonic character and small deflections of the response cannot be made in the 3D model. Despite the
promising theoretical results of the authors in the case of undamped free motion of the sphere in the spher-
ical recess, as presented in (Náprstek and Fischer, 2018), a numerical approach is required for the 3D case.

The 3D model is based on the derivation using the Appel-Gibbs approach published by Legeza (2002) and
used by Náprstek and Fischer (2018). The original derivation contains a slight geometric inaccuracy, where
the rotation of the sphere due to the curvature of the underlying the surface was not taken into account. The
corrected governing system in Cartesian coordinates takes the form

u̇Cx =
−r
R− r ((R− uCz)ωy + uCyωz) , ω̇x =

−1
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5
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r
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1

rR

5

7
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5

7
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1
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5

7
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5

7
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(7)

where uCx, uCy, uCz denote local coordinates of the contact point of the sphere within the spherical cavity,
ϕ• = R sin(uC•); ωx, ωy, ωz are the angular velocities of the sphere with respect to local coordinate axes
and uAx, uAy are movements of the cavity in the global coordinate system.
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Fig. 4: Analytically (dashed line) and experimentally (segmented lines) obtained resonance curves for 3D
mathematical model Eq. (7). a) longitudinal direction, b) transversal direction. The dot-dash line indicates
the RMS values of the experimental values.

Figure 4 shows a comparison between the resonance curves obtained from experiments and numerical sim-
ulations. The experiments were carried out using a single excitation amplitude ζ0 = 0.014 and gradually
increasing and decreasing frequency, resulting in blue and yellow solid polylines, respectively. The numeri-
cal simulations were based on Eq. (7) with uAx = (R−r)ζ0 cos(2πft) and uAy = 0, also using ζ0 = 0.014.
The numerical results are indicated by the black dashed line.

Graph (a) of Fig. 4 shows the motion in the excitation direction, while graph (b) shows the response in
the transverse direction. The color-filled areas correspond to the region of the identified non-stationary
response. The experiments were performed on a rubber-coated spherical cavity, resulting in a relatively
large damping coefficient of bϕ = 0.9. Consequently, the mathematical model did not exhibit any stable
transversal motion in plot (b) that was clearly present in the experiment. However, a qualitative match can
be observed in graph (a), where the numerical and experimental results agree reasonably well.

5. Conclusions

This paper outlines a unified view of the theoretical, numerical, and experimental analysis of a nonlinear
mechanical system. Both 2D and 3D theoretical models are presented, which describe the different instabil-
ities that can occur in the motion of a sphere in a cavity. The stability analysis of stationary solutions of the
2D model is refined, and a corrected and simplified 3D model is presented. The experimental investigation
is briefly mentioned due to space limitations.
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